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ABSRACT 
 
Numerical solution of extrusion of crushed ice placed between the converting plates is 
worked out. At high compaction this material obeys criteria Coulomb – Mohr at the ends of 
the platens and viscous liquid in the center. Therefore none can be used for description of the 
process as a whole. Ice model suggested in Nadrew-Michel, 1986, was used for the 
calculations. The results show that this model and assumption of rate-dependence of the 
friction coefficient give possibility to explain peculiarities observed in physical experiments. 
 
INTRODUCTION 
 
Extrusion is a very important process determining load variation during the ice/structure 
interaction. Local stress, global load value and the process of extrusion are connected very 
tightly and often they are analysed together. There are two different models which the 
extrusion process has been investigated: first, extrusion of the fragmented material located 
between two converging rigid plates, and second, extrusion of the crushed ice located 
between the structure surface and the intact ice. The first model was investigated 
experimentally and analytically by Jordaan and Timco, 1988, Sayed and Frederking, 1992, 
Savage et al., 1992, Spencer et al., 1992, Singh et al., 1993, Tuhkuri and Riska, 1994. 
Commonly, fragmented ice has been considered to consist of very small pieces. Its properties 
are described by equations of viscous fluid (Kurdumov and Kheisin, 1976, Jordaan and 
Timco, 1998, etc.) or Coulomb-Mohr medium (Savage et al, 1992,Singh et al., 1993).  
 
The second model considers the influence of extrusion of large pieces of destroyed ice . This 
model was developed by Eranti, 1992 and Kärnä et al., 1993, 1999. These two models refer to 
the different phenomena. If crushed ice is located between rigid converging plates then the 
material can be compressed to very high stresses. However, these stresses cannot be reached 
in nature because their level is restricted by the strength of the intact ice at the ice-sheet edge. 
Nevertheless, the first scheme can be used for evaluation of the pressure level in “critical 



zones with very high pressures“ (Singh et al.,1993, Jordaan and Singh,1994, Frederking et 
al.,1990, Jordaan et al,1999,etc.) forming during the crushed material extrusion.  
The second model is interesting mostly for estimation of the change in global loads after their 
first maximum when triangles of destroyed material move along the sliding lines.  
The first scheme will be considered in details in this paper. 
 
THE MATHEMATICAL MODEL 
 
The following 2-D problem is considered: a layer of crushed ice is located between the 
converging rigid plates. Axis x is normal to the plate surface; axis y coincides with the 
possible extrusion direction. The plane strain conditions are assumed in the direction z. The 
initial thickness of the crushed material is h, and the length in the y-direction is L. 
 
Two schemes are considered:  
• the plate’s length in the y-direction is infinite ; 
• the plate’s length is equal to the initial length L of crushed ice.  
The first scheme is applicable if single critical zone is considered and ice sheet edge thickness 
significantly exceeds dimension of this zone. In this case, crushed ice spreads over some part 
of the structure surface during compression. Friction along this surface and the surface of the 
ice-sheet edge induces confinement and the ice can be compressed to a great extent. We 
believe that this scheme can describe the process of local extrusion and can be useful for 
estimating the level of maximal local pressure.The second scheme addresses conditions in 
which the crushed ice covers the whole contact surface and extrusion will develop in air. This 
scheme was considered in experiments, and apparently it is the only scheme that can be 
considered easy in laboratory.  
 
The friction coefficient of the crushed ice along the plate is assumed to be either constant or 
rate–dependent. It is well-known that the friction coefficient of almost all materials is rate 
dependent in some speed ranges. Unfortunately, we do not have information of this 
dependence for crushed ice. Therefore, it is proposed that the friction law for the crushed ice 
is the same as for intact one.  
 
At the time instant t=0, one plate begins to move against the other at the constant speed V0. 
This process is followed by compaction and extrusion of the ice. The stress distributions 
along the contact surface, level and time signals of local stress and the ice flow have to be 
investigated. Numerical solution by the Finite Difference Method was carried out. The main 
equations and method of solution were described in Shkhinek et al,1999. 
 
One of the main questions in the considered problem is how the properties of the crushed ice 
should be described. Two different approaches were previously used. The first one considered 
crushed ice as a viscous liquid. This model was suggested by Kurdumov and Kheisin,1976 
and later developed by Jordaan and Timco,1988, Jordaan et al.,1991, Spencer et al.,1992 as 
well as others. The second model considered the crushed ice as a Coulomb-Mohr (C-M) 
medium. This model was used by Spencer et al., 1992, Savage et al., 1992, Singh et al., 1993 
and others. Several characteristics were suggested for the model’s verification: the ratio of 
maximal to mean pressure (Spencer et al., 1992); form (concave, convex, exponential etc.) of 
the curve of pressure distribution along the contact surface (Savage et al., 1992, Singh et al., 



1993, Tuhkuri and Riska, 1994); force dependence on velocity (viscous flow theory exhibits 
this dependence whereas C-M does not). The majority of scholars concluded that C-M model 
is valid at relatively low pressures whereas crushed ice behaves as viscous liquid at high 
pressures (especially in the central part of the contact surface). In reality, pressure is 
distributed along the contact surface non-evenly. Therefore at high compaction crushed ice 
obeys C -M law at some part of the contact surface where pressure is low ( near the ends  of 
the crushed material), whereas at another part with high pressure it can obey viscous liquid 
equations at the same time instant. Zones with different state influence each other and 
therefore neither the C-M nor viscous model can be used separately if we try to compute the 
whole extrusion process. It is clear that constitutive equations should describe ice behaviour 
under both low and high pressures simultaneously , and the gradual transition from one state 
to another. 
 
Another phenomenon that should be taken into account in the model is ice liquefaction at high 
pressures. Experiments carried out by Singh et al., 1993, and Tuhkuri and Riska, 1994 with 
crushed ice and Frederking et al., 1990 with solid ice showed that ice sintered in the central 
zone after action of high pressure. Consequently, the model should additionally give the 
possibility to consider the melting process. In our opinion, the mathematical model that can 
take into account all the above mentioned phenomena, is the one proposed by Nadreau and 
Michel, 1986. This model was developed later by Kormanann and Brown, 1990, Fish and 
Zaretsky, 1998 and Derraji, 2000.  
In the form suggested by Fish and Zaretsky, 1998, this law can be written as (we do not 
consider the rate-dependence of parameters of the model suggested in that paper): 

(1)  )/)(sincos(sincos pPpCPC ϕϕϕϕτ +−+=  , 

where :P= 2/)( 21 σσ + , 2/)( 21 σστ −= , C-cohesion, ϕ -angle of internal friction, σ1, σ2  -
principal stresses, p- pressure corresponding to the melting point. 
Unfortunately, pressure p is unknown for crushed ice. It was assumed in the following 
calculations: p=100 MPa (which corresponds to the melting temperature of –10° C for intact 
ice), ϕ = 25, C=0.377 MPa. 
Non-linear bulk modulus of the crushed ice is used in the form K=K0(1+3P/K0 )

4/3 

 
Input data 
The following input data were used in the numerical experiments: 
Crushed ice thickness -10 cm, Initial length of the crushed ice layer in the extrusion direction 
(or the plate’s length)-60, 40, 20 cm, Friction coefficient along the plate: 
Constant friction coefficient f= 0.02 , 
Rate-dependent friction for the ice/steel law 
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Vy -relative longitudinal speed along the plate surface. 
Unconfined strength of the crushed ice-0.06 MPa, Initial density of the crushed ice-0.5 t/m3 .  
 



 
 
RESULTS FOR NON-LIMITED PLATE LENGTH 
 
Stress 
The stress level and load signals depend on the friction law. If the friction coefficient is 
constant, then these signals are smooth; but, if the coefficient is rate-dependent, then the 
signal form depends on the plate speed. In particular, if the ice/steel friction law is considered, 
then the signal is smooth for a speed of 30 cm/s (this speed is out of range of the friction 
coefficient rate-dependence), and it is saw-tooth for a speed of 3 cm/s (Figure 1). The load 
oscillations increase when the ice compaction increases. These  oscillations form due to stick-
slip phenomenon arising, considered in details in Karna et al, 2000  
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Figure 1. Time signals for the pressure in the plate centre, L/h = 6, Y/L = 0.(Gx ≡≡≡≡ xσσσσ ) 

Friction law ice/steel, Vo = 30 cm/s(left), Vo = 3 cm/s,(right). 
 
 
Figure 2 shows the distributions of the stresses σx and σy along the contact surface for 
different non-dimensional times t=V0t1 /h (t1 –dimensional time) and constant friction 
coefficient. These curves are the same for the same t and any plate speed. At low compaction, 
the curves for σx and σy are concave. As compaction increases, the difference between these 
stresses decreases and finally σx = σy at very high compaction in the centre of the contact area 
(as it should be in liquid). Stress σx becomes convex in the central zone (indeed ice properties 
are described here by equations of liquid) and remains concave near the end of the contact 
area (here the material obeys C-M equations). Stress σy remains concave everywhere.  
More illustrative is Figure 3 where, similarly to Savage et al. (1992), the distributions of non-
dimensional stress along the contact surface are depicted. The non-dimensional stresses at 
different distances from the centre are defined as the local stresses divided by the stress in the 
centre of the contact surface at the same time instant. This figure demonstrates the gradual 
transition of the form of the stress/distance dependence from concave to complex 
(concave/convex) as the compaction increases.  



 

Figure 2. Distribution of the stresses Gx and Gy along the contact surface. 

(Gx xσσσσ≡≡≡≡ ,Gy yσσσσ≡≡≡≡ ) L/h = 6 (L=60cm,h=10cm), friction coefficient f = 0.02. 

                                                Gx                        Gy 

Figure 3. Non-dimensional stress Gx /Gx max distribution along the contact surface at different 
non-dimensional time instants. L/h = 6, f = 0.02. 
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The situation changes significantly if rate-dependent friction law is considered. Figure 4 
depicts the distribution of the stresses σx and σy along the contact surface for the friction law 
ice/steel, the plate speed 3 cm/s. and relatively high compaction.  
It is difficult to determine the character (concave or convex) of the curves in this case because 
the existence of local stagnation zones (due to speed dependent friction and stick-slip 
phenomenon formation) induces local stress concentration. Therefore, dependencies have 
some intermediate maximums.  

 t=0,54

0

1

2

3

4

5

-0,5 -0,4 -0,3 -0,2 -0,1 0 0,1 0,2 0,3 0,4 0,5

Y/LL

G
x,

 G
y

 

 t=0,63

0

5

10

15

20

-0,5 -0,4 -0,3 -0,2 -0,1 0 0,1 0,2 0,3 0,4 0,5

Y/LL

G
x,

 G
y

 
                                                       Gx (MPa)                   Gy (MPa) 

Figure 4. Distribution of stress Gx and Gy along the contact surface L/h = 6, friction law 
ice/steel, Vo = 0.03m/s.(Notice that Y in this figure is referred to the LL-the length covered 
with the extruded material in the considered time instant) 
 
Different initial ratios of L/h were considered. The results show absence of qualitative 
difference in stress distribution along the axis y on the L/h ratio but there is a great 
quantitative difference in the stress value (Fig 5). This figure shows dependence of the 
average pressure F/LL (where F is the ice load, LL is the current length of the contact area; 
that is the length of area covered by ice at the considered time instant) versus time for 
different L/h.  
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Figure 5. Average pressure versus time dependence, friction coefficient f = 0.02. 
 
 



The results of stress computation show: 
• load/displacement dependence is very non-linear and is linked with the friction law. In 

particular for the rate dependent friction it has a saw-tooth character; there is very great 
difference in average pressures for the same compaction depending on the L/h ratio; 

• local pressure does not depend on the plate speed at the same compaction if the friction 
coefficient is constant. The last phenomenon typical for the C-M law apparently develops 
because this law is valid along the major part of the contact surface. 

 
Flow of crushed ice 
Crushed ice moves during compaction in two directions. In the central part of the plates, it 
moves normally to the plate surface whereas at the layer ends it moves mostly along the plate 
surface. The non-dimensional distribution of the longitudinal component of the ice speed 
along the contact surface for different non-dimensional times (the plate displacement) is 
shown in Fig.6. Here V is local longitudinal speed at the time instant t. 
 

Figure 6. Distribution of the non-dimensional speed along the contact surface at different 
instants. L/h = 6, f = 0.02(notice Y referred to LL-length of the contact area at the considered 
time instant).  
 
The figure shows that:  
 
• The level of the ice longitudinal velocity (especially at the borders of the crushed material) 

can significantly exceed the plate speed. 
• If the plate displacement is relatively small then velocity changes almost linearly along the 

contact surface. Increase of the ice deformation leads to non-linear speed distribution. 
• The extruded material consumption Q through the end section of the ice layer  

(Q= Vi hi /V0 h where Vi hi are the instant speed in the end section and the layer thickness at 
the time t, respectively) increases when ice deformation increases.  
 

If the friction coefficient is rate dependent then the speeds are distributed significantly more 
non-uniformly due to the formation of stagnation zones.  
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RESULTS FOR LIMITED PLATE LENGTH IN THE EXTRUSION DIRECTION 
 
It is assumed here that the initial length of the crushed ice layer coincides with the plate 
length. The main difference in physics between this model and the preceding one is as 
follows. Crushed ice spreads all the time over the plate surface as a result of extrusion in the 
preceding model. Therefore, the mass of ice between the plates remains the same and friction 
surface increases during the whole experiment that influences the extrusion process 
constantly. If the plate length is limited then ice that flies away from plates border does not 
influence the load. Correspondingly, very great compaction of ice is needed to reach 
significant pressure in this case. For the same compactions in the case of non-limited or 
limited plate length, the pressure differs significantly.  
 
COMPARISON WITH THE RESULTS OF PREVIOUS INVESTIGATIONS. 
 
The pressure distribution along the contact surface 
If the plate displacement is not very large (t ≤ 0.72-0.8) then the stress distribution along the 
contact surface is concave. This law is similar to that registered in the experiments carried out 
by Spencer et al., 1992 , (for  t< 068, Fig.7 of their paper), Sayed and Frederking, 1992,( 
t=0.22, Fig. 6 and t=0.36, Fig.10 of their paper),  Tuhkuri and Riska, 1994, (t=0.87, Fig.3), 
Singh et al., 1993 (Figs. 4 and 5- it was difficult to identify the value of t corresponding to the 
concave curve in these figures) and in the theoretical solution of Savage et al.,1992. Our 
numerical results show that the pressure as a function of the distance from the plate centre has 
two branches for very high t: concave at the end of the material and convex in the central zone 
(see Figs.2 and 3). Similar results can be seen in the experiments of Spencer et al., 1992, 
Singh et al., 1993 (Figs. 4, 5 and 10), and Tuhkuri and Riska, 1994 (Fig. 3). The ice melting 
in the centre of the plate at high pressures observed in our numerical experiments was 
apparently observed as zones of sintered ice in physical experiments (Frederking et al., 1990, 
Singh et al., 1993, Tuhkuri and Riska, 1994). The significant area of almost constant pressure 
in the central zone under great compaction (see right part of Fig.4) was registered in many 
experiments. 
 
It is difficult to draw conclusions about the quantitative correlation between our results and 
the physical experiments because some important properties of the crushed ice are unknown 
neither in physical nor in numerical experiments. In principle, it is possible now to improve 
the parameters of the crushed ice model on the basis of a comparison of theoretical and 
experimental stress values and their distributions, but this problem was beyond the scope of 
our task. Qualitative correlation between the theory and experiments is evident.  
 
We did not see the pressure drop in the centre at very high pressures as registered in the 
experiments of Singh et al., 1993, and Tuhkuri and Riska, 1994. Different explanations of this 
phenomenon can be suggested. In particular one can propose that this drop is induced by 
failure of the layer of the intact ice attached to the plate in some of experiments (Tuhkuri and 
Riska, 1994). However, the same effect was observed in the test of Spencer et al., 1992 (test 
N 987, Fig. 8 of that paper) when crushed ice was located between the steel plates without 
intact ice layer. Another plausible reason for this drop is the formation of a fused mass of 
crushed ice in the centre of the plate due to groups of particles sticking together under high 
pressures. This mass can induce a redistribution of pressure along the contact area. 



Ultimately, this phenomenon can also be induced by the so-called “arch effect”. None of these 
factors was considered in our numerical experiments. 
 
Dynamics 
Dynamic oscillation of pressure at relatively slow penetration of indentor in ice, or at low 
plate speed was registered in many experiments: Frederking et al., 1990, Spencer et al., 1992, 
Singh et al., 1993. This phenomenon in experiments often disappeared when the speed 
increased. The amplitude of oscillations increases with pressure increase. Different 
explanations for this effect have been suggested in the literature. A detailed analysis is made 
in Singh et al.,1993. It is mentioned in that work that, “apparently these oscillations are not 
linked with spelling and large-scale cracking during the ice-structure interaction”  (as it was 
assumed before that work). To the authors of that paper, it seems more realistic that the 
oscillations are caused by changes of friction along the plates during the ice deformation. In 
particular, they refer to Xiao et al., 1992, who linked this effect with ice melting and the 
corresponding change of friction along the plates surface. 
 
The same effect is noticed in our experiments: ‘ saw-tooth’  oscillations exist at low speed and 
their amplitude increases with pressure. But, the pattern exists only if rate-dependent friction 
is considered and disappears if the plate speed exceeds a certain level. We fully agree with 
Singh et al.,1993 that a change in friction along the contact surface can induce pressure 
oscillation. But we believe that the rate-dependent friction coefficient assumed in our work 
and the associated stick-slip phenomenon can explain the oscillations in the pressures. Load 
oscillation due to the rate-dependence of the friction coefficient and formation of the stick-slip 
phenomenon during the crushed ice interaction with the wall was demonstrated in details in 
Karna et al (2000). The same phenomenon develops during extrusion of crushed ice. 
Probably, the rate-dependence of the friction coefficient and local ice melting proposed in 
Xiao et al., 1992 are linked. In fact, local melting induced by a high stress concentration along 
the borders of crushed ice grain can change the friction coefficient. However, we believe that 
rate-dependent friction is the more common phenomenon because it was observed for 
different materials – not only for ice. In any case, the problem requires detailed investigations. 
 
ACKNOWLEDGEMENTS 
 
This work was supported by the EU MAST III project CT-97 0098 and INTAS (project 97-
1665). The authors express their gratitude to these founding organisations.  
 
REFERENCES 
 
Derradji,A.A. (2000): A unified failure envelope for isotropic fresh water ice and iceberg ice. 
Proceedings of ETCE/OMAE conference, New Orleans. OMAE 2000/P&A-1002. 
Eranti, E. (1992),:Ice forces  in dynamic ice structure interaction. Intern. Journal of Offshore 
and Polar Engineering, vol. 2. 
Fish, A. M. and Zaretski, Y. K. (1998): Strength and creep of ice in terms of Mohr-Coulomb 
theory. Proc. Int. Offshore and Polar Eng. Conf., Brest, vol. II, pp 416-424. 
Frederking, R.M.W., Jordaan, I.J. and McCullum, J.S.(1990): Field tests of ice indentation at 
medium scale, Hobson’s Choice ice iceland, 1989. Proc. IAHR Symposium, vol. 2, pp 931-
944. 



Johnston, M.E., Croasdale, K.R. and Jordaan, I.J.(1998): Localised pressures during ice-
structure interaction-relevance to design criteria. Cold Reg. Sci. Techn.,  27, pp 105-117. 
Jordaan, I.J. and Timco, G.W.(1988):Dynamics of the ice crushing process. Journal of 
Glaciology, vol 34, No 118, pp318-325.  
Jordaan, I.J., and Singh, S.K. (1994) :Compressive ice failure: critical zones at high pressure. 
Proc. IAHR Ice Symposium, Trondheim, pp 505-515. 
Jordaan,I.J., Kennedy,K.P.,McKenna,R.F. and Maes,M.A.(1991):Loads and vibration induced 
by compressive failure of ice. Proc. of 6 th International  Specially Conference on Cold 
Region Engineering , ASCE,pp638-649. 
Jordaan,I.J., Matskevitch,D.G.and Meglis,I,1999:Disintegration of ice under fast compressive 
loading. International Journal of Fracture 97, pp279-300. 
Karna,T.(1993): Finite ice failure depth in penetration of a vertical indentor into an ice edge.  
Annals of Glaciology, vol.19 pp114-120. 
Karna,T.,Kamesaki,K., Tsukuda,H.(1999):A numerical model for dynamic ice-structure 
interaction. Computers and Structures. 72, pp 645-658. 
Karna, T., Shkhinek, K. N., Kapustiansky, S. M. and Jilenkov, A.G. (2000): Numerical 
simulation of dynamic ice-structure interaction. VTT Research Notes. Technical Research 
Centre of Finland, ESPOO. (In press) 
Kormanann, J.P. and Brown, T.G.(1990): A modified Nadreau Yield Function . Cold Reg. 
Sci. Techn., Vol. 19 pp 89-92. 
Kurdyumov , V.A. and Khesin, D. E.(1976): Hydrodynamic model of the impact of a solid 
ice. Pricladnaya Mechanica, 12(10),pp103-109. (In Russian) 
Nadreau J.P. and Michel B. (1986): Yield and failure for ice under multi-axial compressive 
stresses. Cold Reg.  Sci. Techn., 13 No 1 , pp 75-82. 
Saeki,H., Ono,T., Nakazawa,N., Sakai, M. and Tanaka,S. (1984): The coefficient of friction 
between sea ice and various materials used in offshore structures. Proc. of the OTC 
Conference, vol. 1, OTC 4689. 
Savage, S.B.,Sayed, M. and Frederking, R.M.W.(1992): Two dimensional extrusion of 
crushed ice. Part 2 (analysis). Cold Regions  Science and Technology, Vol. 21, pp 37-47. 
Sayed, M. and Frederking, R.M.W. (1992):Two dimensional extrusion of crushed ice.Part1. 
Cold Reg. Sci. Techn., Vol. 21, pp 25-36. 
Shkhinek, K.N., Karna, T., Kapustiansky, S.M. and Jilenkov, A.G.(1999): Numerical 
simulation of the ice failure process. Proc. POAC Conference, ESPOO,  vol. 2, pp 877-887. 
Singh, S.K., Jordaan, I.J.,Xiao, J. and Spencer, P.A. (1993): The flow properties of crushed 
ice. Proc. OMAE Conference, vol. 4, pp11-19. 
Spencer,P. A., Masterson, D.M., Lucas, J and Jordaan, I.J. (1992): The flow properties of 
crushed ice. Proc. IAHR  Ice Symp., vol 1,pp258-268. 
Tukhuri, J. and Riska, K, (1994) :Experimental investigations on extrusion of crushed ice. 
Proc. IAHR Ice Symp., Trondheim, pp 474-483. 
Xiao, J.,Jordaan, I.J. and Singh, S.K.(1992): Pressure melting and friction in ice-structure 
interaction. Proc. IAHR Ice Symp., vol. 3. 
 


